A Delaunay tetrahedralization of Ò vertices is exhibited for which a straight line can pass through the interiors of up to ¢´Ò ¾ µ tetrahedra. This solves an open problem of Nina Amenta, who asked whether a line can stab more than Ç´Òµ tetrahedra of a three-dimensional Delaunay triangulation. The construction generalizes to higher dimensions: in dimensions, a line can stab the interiors of ¢´Ò ¾ µ Delaunay -simplices.
resolves the question by illustrating that a straight line can stab the interior of every tetrahedron of a quadratic-size tetrahedralization. In the upper left corner we see two lines: the Þ-axis (vertical), and the line Ý ½, Þ ¼, which is parallel to the Ü-axis. Distribute Ò ¾ vertices along each line. The Delaunay tetrahedralization of these vertices-in fact, the only tetrahedralization of these vertices-haś Ò ¾ ½µ ¾ tetrahedra, because each edge on the Þ-axis is paired with each edge on the horizontal line to form a tetrahedron. (See Figure 1, upper right.) Perturb the Ü-coordinate of each vertex on the Þ-axis so that the sequence of vertical edges forms a zigzag, as illustrated in the lower left corner of Figure 1 . If the perturbation is small enough, all of the tetrahedra in the original tetrahedralization will also appear (in perturbed form) in the Delaunay tetrahedralization of the perturbed vertices, along with some new tetrahedra that fill in cavities on the perturbed sides of the tetrahedralization. (See Figure 1 Delaunay tetrahedralization of the twice-perturbed vertices, and are still stabbed by the dashed line. Even more Delaunay tetrahedra will appear; not all of these are stabbed by the dashed line, but the total number stabbed is quadratic.
The example is easily adapted to higher dimensions. In five-dimensional space, for instance, add a third line that is parallel to the Ú-axis and is offset from the origin by one unit in the Û-direction. Distribute Ò ¿ vertices along each of the three lines. The zig-zag is now formed by perturbing the Ú-and Ü-coordinates of each vertex on the Þ-axis. (The Ú-coordinate of each zig-zag vertex is equal to its Ü-coordinate, so every edge of the zig-zag passes through the Þ-axis, just as in the three-dimensional example.) The fivedimensional Delaunay triangulation of these vertices includes´Ò ¿ ½µ ¿ 5-simplices of which each is defined by choosing one edge from each of the three lines. The line Ú ¼, Û ¯, Ü ¼, Ý ¯stabs every 5-simplex of this triangulation.
For each additional two dimensions, the number of -simplices that can be stabbed increases by a factor of ¢´Òµ. The maximum stabbing number matches the upper bound of Ç´Ò ¾ µ on the number of simplices in a -dimensional triangulation.
A well-known transformation called the lifting map of Edelsbrunner and Seidel [3] can be used to map each vertex onto a paraboloid in a space one dimension greater, so that the Delaunay triangulation of the vertices is a projection of the lower convex hull of the mapped vertices. For example,´Ü Ý Þµ ´Ü Ý Þ Ü ¾ ·Ý ¾ ·Þ ¾ µ maps a Delaunay tetrahedralization to a paraboloid in . As Figure 2 illustrates, each -simplex of the Delaunay triangulation corresponds to a facet of the convex hull of the lifted vertices. A stabbing line through the triangulation corresponds to a planar cross section of the convex hull; the vertical plane in the figure is an example of a cross-sectional plane.
Hence, the stabbing result described above implies that a two-dimensional slice of a -dimensional polytope can have ¢´Ò ¾ µ facets-asymptotically as many facets as the polytope itself. This fact was first proven by Amenta and Ziegler [1, 2] .
